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ABSTRACT

A class of graded simple associative algebras are constructed, and from
them, simple Lie color algebras are obtained. The structure of these
simple Lie color algebras is explicitly described. More precisely, for an
(e, T)-color-commutative associative algebra A with an identity element
over a field F of characteristic not 2, and for a color-commutative sub-
algebra D of color-derivations of A, denote by A[D] the associative sub-
algebra of End(A) generated by A (regarded as operators on A via left
multiplication) and D. It is easily proved that, as an associative algebra,
A[D] is T-graded simple if and only if A is I-graded D-simple. Suppose

* This work was supported by NSF of China, National Educational Department
of China, Jiangsu Educational Committee, and Hundred Talents Program of
Chinese Academy of Sciences.

** These authors were partially supported by Academy of Mathematics and System
Sciences during their visit to this academy.
1 Corresponding author.
Received June 20, 2002

109



110 Y. SU, K. ZHAO AND L. ZHU Isr. J. Math

A is I'-graded D-simple. Then, (a) A[D] is a free left A-module; (b) as
a Lie color algebra, the subquotient [A[D], A[D]]/Z(A[D]} n[A[D], A[D]]
is simple (except one minor case), where Z(A[D]) is the color center of
A[D].

1. Introduction

Lie color algebras are generalizations of Lie superalgebras. Let us start with
the definition. Let F' be a field, I' an additive group. A skew-symmetric
bicharacter of I' is a map e: I' x I' = F™* satisfying

(1.1 e p) =€, )7l e\ p+rv) =X, we(\v), YA pvel.

It is clear that €(),0) = 1 for any A € I. Let L = @, L be a I'-graded
F-vector space. For a nonzero homogeneous element @ € L, denote by a the
unique group element in I" such that a € L;. We shall call a the color of a. The
F-bilinear map [-,-]: L x L — L is called a Lie color bracket on L if the following
conditions are satisfied:

(1.2) [a,b] = —€(a

,b)[b,a], (skew symmetry)
(1.3) [a,[b, e]] = [[a, ]

l,c] + €(@, b)[b, [a, c]], (Jacoby identity)

for all homogeneous elements a,b, ¢ € L. The algebra structure (L, [-,-]) is called
an (¢, T')-Lie color algebra or simply a Lie color algebra. If I' = Z/2Z
and €(i,j) = (=1)¥.Vi, j € Z/2Z, then (¢,T')-Lie color algebras are simply
Lie superalgebras. For Lie color algebras, we refer the reader to [P2] and the
references there. This paper constructs a class of simple Lie color algebras, and
explicitly describes the structure of these simple Lie color algebras.

Let A = @, Ax be a I-graded associative F-algebra with an identity
element 1, i.e., AyA, C Ayq, for all A,p € T. So 1 € Ag. We say that A
is graded simple if A does not have nontrivial ['-graded ideals. Denote by
H(A) all homogeneous elements of A. If we define the bilinear product [+, -] on
A by

(1.4) [x,9] = 2y — €(Z,9)yz, Va,y € H(A),

then (A4, [,-]) becomes a (¢, T')-Lie color algebra. We shall simply write e(z, y)
for ¢(Z,7) for z,y € H(A).
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A Lie color ideal U of A is a I'-graded vector space U of A such that {4,U] C
U. Sometimes it is called an (¢, I')-Lie ideal, or simply a color ideal. The e-center
Z(A) of A is defined as

(1.5) Z = Z(A) = {z € Al[z, A] = 0}

It is easy to see that Z(A) is [-graded. We say that A is color-commutative
(or e-color commutative) if [A, A] = 0.

Passman [P1, P2] proved that, for a color-commutative associative algebra
A with an identity element over a field F, and for a color-commutative color-
derivation subalgebra D of A, the Lie color algebra (including the Lie algebra
case) AD = A D is simple if and only if A is graded D-simple and AD acts
faithfully on A, and char F' # 2 or dimg D > 2 or D(A) = A. In [SZ1, SZ2, 71],
(associative and Lie) algebras of Weyl type were constructed and studied. In this
paper we shall study the color version of these algebras.

For a color-commutative associative algebra A with an identity element over a
field F of characteristic not 2, and for a color-commutative subalgebra D of color-
derivations of A, denote by A[D] the associative subalgebra of End(A) generated
by A (regarding as operators on A via multiplication) and D. It is easily proved
that, as an associative algebra, A[D] is graded simple if and only if A is graded
D-simple (see Theorem 2.2). Suppose A is graded D-simple. Then, (a) A[D] is
a free left A-module (Theorem 3.2); (b) as a Lie color algebra, the subquotient
[A[D], A[D]]/Z(A[D]) n {A[D], A[D]] is simple (except one minor case), where
Z(A[D]) is the e-center of A[D]. The structure of this subquotient is explicitly
described (see Theorem 3.9). In many cases A[D] = [A[D}, A[D]].

2. Graded simple associative algebras of Weyl type

Throughout this work, we assume that A is I-graded and (¢, I')-color commu-
tative and the field F' is of characteristic not 2. An F-linear transformation
0: A — A is called a homogeneous color-derivation of degree d € I if

Oa) € A5,5. VYa€ H(A) and

(2.1)
dab) = 0(a)b+ €(0,a)ad(b), Va,be H(A),

where we simply denote ¢(3,a) by €(8, a).

Taking a = b = 1 in (2.1), we obtain d(1) = 0 and so d(c) =0 for all c € F.
Denote Der®(A) = P, o Der}(A4), where Der}(A) is the F-vector space spanned
by all homogeneous color derivations of degree A € I'. As in the Lie algebras
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case, it is easy to verify that Der(A) becomes an (¢, T')-Lie color algebra under
the Lie color bracket

(2.2) 0,9 = 89’ — €(3,8)99, v0,8 € H(Der“(A)),

where 89’ is the composition of the operators 8 and &'.

Let D = €D, D» be a nonzero I'-graded color-commutative Lie color subal-
gebra of Der®(A), i.e.,

(2.3) 39 = ¢(3,8)9'9, Vvd,d € H(D).

We call A graded D-simple if A has no nontrivial graded D-stable ideals (see
[P2]). Set T'y = {A € T|e(A, A) = 1}. Then by (1.1), 'y is a subgroup of I' with
index < 2. Set I'_ = {) € T'le(A, M) = —1}. For any graded subspace B of A,
we define B, = ®>\€F+ B,; then B, is I'-graded. Similarly we can define B_.
Since I' = I'y UT_, it follows that B = B, & B_. By (2.3), we have 8% = 0 if
de HD-).

Fix a homogeneous basis {8;|i € I} of D, where [ is some index set. Fix a
total ordering < on I. Define J to be the set of all a = (i € I) € Z such
that a; = 0 for all but a finite number of i € I and o; = 0 or 1 if ; € I'_. For
a € J, we define the support of a by supp(a) = {i € I|a; # 0} and define the
level of a by I{a) = |a| = 3, @;. Define a total ordering on J by

(2.4) a<pBe|al<|8l, orlaj=|3 and 3ie I such that

o; < Biand a; = B;,Vjel, j<i.
Denote by F[D] the I'-graded associative color-commutative algebra generated
by D, and denote by A[D] the associative subalgebra of End(A) generated by A

(regarded as operators on A via left multiplication) and D. Forz € A,a € J, we
define by x3“ the operator acting on A, i.e.,

(2.5) (20%)(y) = 2(8;, (8,2 -+ (7" (¥) ), Vy € 4,

iz T
where 8% = 8;:"‘8{:‘2 ---8{:"” with i3 < i3 < +-+ < ir. We shall call a the degree

of 8. Define ¢*(a, B) for a, 3 € J by 820” = ¢*(a, 8)0°*?; then

(26) = [[ e@,9)%, vosed.

1,J€I:4>]
We shall also simply write et (z,y) for €t (z,3) for z,y € H(A[D]). From
et (a, B)0°HF = 9°9% = e(a, B)0°0% = €(ev, B)eT (B, @) FP, we see that

2.7 e(a, B) = et (a, B)et (B,a) Y, Va,B €,
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Ifa+3¢.J, weset 3°8 = 0. For any a € J, set

(28) J(a) = {’7 € J|’y@ <o Vie I}

Denote (5) = [Tic/ (::)’ Va,v € J. Then (5) = 0if 7 ¢ J(a). We have

9%(zy) = Vet (o = v, 7)"Le(d, 2)0° " (2)0 (y),
29 (z1) ;(7}( 7o7) (87, 2)0° 7 (2)07(y)

VYa € J, 2,y € H(A).

One may easily check that

), (0B = X\ 4 —16.>\ + a_’\v B+>\’
(2.10) (wd%) - (v07) g(,\)f (@ =X A)7Te(0%, v)eT (A, BJud® " (v)d

VYu,v € H(A),a,B € J.

Clearly, formula (2.10) defines a I'-graded associative algebra (A[D], -) such that
A is a left A[D}-module via (2.5). For any

(2.11) =Y usd* € AD], wu, € 4,

a€eJ
the expression in (2.11) is sometimes not unique. An expression of z in (2.11)
is called principal, if the integer max{|a|| u, # 0} is minimal. We denote this
integer by h(xz). Set

(2.12) Fy = AP = {u € A|D(u) = 0}.

From Lemma 2.1 in [P2], any nonzero a € H(F}) is invertible (i.e., F is a graded
field) when A is ['-graded D-simple. In this case (F})- = 0.

LeMMA 2.1: (i) AN A[D]D =0.
(i) The e-center Z(A[D)) of A[D) is F;.

Proof: Note that we have assumed that A is [-graded (e, I'}-commutative. Part
(i) follows from the action of z € AN A[D]D on 1.

(ii) For all w € H(Fy) and § € H(D), we have [6,u] = §(u) = 0. So Fy C
Z(A[D]). Suppose x € H(Z(A[D})). If h(z) > 0, write £ = x¢ + ; where
xo € H(A) and x, € H(A[D]D). Then z; # 0. Choose a € H(A) such that
x1{a) # 0. It follows that 0 = {z,a] = [z1,a] = z1(a) + y, where y € A[D]D.
From (i) we deduce that x;(a) = y = 0, a contradiction. So h(z) =0, i.e.,, x € A.
We have

20 = €(%,0)9x = €(%,0)0(x) + 28, V0 € H(D),
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to give d(z) = 0 for all € H(D), ie., z € Fi. Therefore Lemma 2.1 follows.
|

THEOREM 2.2: Suppose that A is a I'-graded (e, I'}-commutative F-algebra with
an identity, and D C Der¢(A) is a color commutative subspace. Then the T'-
graded associative algebra A[D] is graded simple if and only if A is T-graded
D-simple.

Proof: “=": Suppose A is not graded D-simple. Choose a nonzero proper
graded D-stable ideal K. Then clearly K[D] is a nonzero graded color ideal of
A[D]. Since A[D] is graded simple, then K[D] = A[D], in particular, 4 C K[D].
From Lemma 2.1 (i), we know that A C K, a contradiction. Thus A is graded
D-simple.

“<”: Suppose L is a nonzero graded ideal of A[D]. It suffices to show that
L = A[D).

Suppose that LN A = 0. Choose z € H(L)\{0} such that h(x) is minimal.
So h(x) > 0. Write x = xp + x; where xp € H(A) and z, € H(A[D]D). Then
21 # 0. Choose a € H(A) such that z1(a) # 0. Tt follows that

¥ =[r,a] = [r1,a] = x1(a) + y € L,

where y € H(A[D]D). From (1.4) and the computation (2.10), we deduce that
h(z') = h(y) < A(z). By the minimality of h(x) we deduce that ' = 0. Applying
Lemma 2.2 (i) gives z1(a) = y = 0, a contradiction. Thus LN A # 0. It is clear
that LN A is a graded D-ideal of A. Since A is graded D-simple, LN A= A. In
particular 1 € L. Therefore L = A[D]. |

3. Simple Lie color algebras of Weyl type

In this section we assume that A is a T-graded D-simple and (¢, I')-commutative
associative algebra with an identity, the field F' is of characteristic not 2, and
D C Derf(A) is color commutative. In this section we shall first study the
structure of A[D] as a left A-module, then investigate the Lie structure of A{D].
We still use the notation in Section 2.

LEMMA 3.1: (i) If z0* = 0 for some x € H(A)\{0} and some a € J, then
0* =0.
(i) A C [A[D], A[D]].
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Proof: (i) Let C = {x € A[zd™ = 0}. It is easy to verify that C is a nonzero
I'-graded D-ideal of A. Since A is I'-graded D-simple, then C = A. It yields that
0% =0.

(ii) From [z8, y] = zd(y) € [A[D], A[D]] for all z,y € H(A) and d € H(D), we
obtain that AD(A) C [A[D], A[D]]. Since AD(A) is a nonzero I'-graded D-ideal
of A and A is I'-graded D-simple, A = AD(A). Thus A C [A[D], A[D]). ]

If char F = p > 0, observe that for any @ € Der®(4), one has 9”7 € Der®(A).
For convenience, no matter whether char ¥ = p > 0 or char F = 0, we denote

(3.1) D = Der*(A) n F1[D),

where Fy[D] is the subalgebra of End(A) generated by Fy and D. Let {d;]i € T}
be a homogeneous Fj-basis for D, where 7 is some index set. It is clear that
D C D, and that A is graded D-simple if and only if A is graded D-simple. Let

J={la=(qlieD)|a; €Zy, and a; <p-1if char F =p > 0,
(3.2) and o; =0or lifd; €T _,
and «; = 0 for all but a finite number of ¢ € 7}.

We will often simply denote o = ()i € T) by @ = (). We also fix a total
ordering < on I and define a total ordering on J as in (2.7). We also write
d* = Hie ; 4% according to the ordering < on Z for a € J. Then

(3.3) A[D] = )" Ad~.

acJ
THEOREM 3.2: Suppose that the field F is of characteristic not 2, A is a I'-graded
D-simple and (e,I')-commutative associative F-algebra with an identity, where
D C Der¢(A) is a color commutative subspace. Then A[D] is a free A-module
with the homogeneous basis {d®|a € J}.

We break the proof of this theorem into several Lemmas. For Jo C J,B C A,
we say that the sum ) . ; Bd® is direct if a finite sum ) 7 b,d* = 0 with
bo € B implies b,d* = 0 for all o € .

LemMA 3.3: Let Jo C J. The sum }_ ., Ad® is direct if and only if the sum
Y acg, F1d* is direct.

Proof: “=": This direction is clear.
“<": Suppose Y 7 Ad* is not direct. There exists J;={a(®, o), ... o™}
C Jo with |71 > 1 such that Ad*"® n Sicy Ad*™ % 0. Choose such a minimal
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r. Let
(3.4) wd®” =Y ud" € (Ad"‘w) ny. Ad“”) \{0},
i=1 i=1

for some u,u; € H(A), and let I, = {0,1,...,7}. It follows that do? # 0 for any
t € I . Let
B, = {x € Alza*” e Y A" }
1€l \{0}

Then it is easy to see that By is a nonzero I'-graded D-ideal of A. Since A is
I-graded D-simple, then By = A. Then

(3.5) @ = }: a:d®”  for some a; € A.
iel;\{0}
By taking bracket with 8 € H(D), we deduce that
0=100,d""]= [a, 3 aida“"] = Y o).
i€l \{0} i€ \{0}

From the minimality of r, we must have
(3.6) a)d” =0, VaeD, 1<i<r

Suppose D(a;) # 0 for some ¢ € I, say D(a;) # 0. Lemma 3.1 yields that
d" = 0, a contradiction. Thus D(a;) = 0 for all ¢ € I}, i.e., a; € Fy in (3.5).
Therefore the sum ), F1d® is not direct. This proves the lemma. |

LEMMA 3.4: A[D] =@, s Ad™.

Proof: Suppose the sum in (3.3) is not direct. From Lemmas 2.1 (i) and 3.3,
there exists Jy = {a®,aM,...,at"} C J\{0} such that Fyde® Ny iy Fyde?
#0. Let I = {0,1,...,7}, and let h(J;) = max{|a®||i € I;}. Then h(J;) > 1.
We choose J; such that h({,7;) is minimal, and then r is minimal. Let

r r
(3.7) —d*” =3 g € <F1d“‘°) Ny Fae® ) \{0},
i=1 i=1

for some a; € H(F1), 1 <i < r. Denote ag = 1. It follows that aid"m #0forie

I,. Rewrite (3.7) to give 37_, a;d®"” = 0. Then for z € H(A), Y7 a;d*” (z) =
=0 1=0
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0. By (2.10),

= [Z aida(i),x] = Z Z ai(g(i))ﬁ(a(i) — 7 y) " Le(d, z)d* "~ (z)d"

i=0 i=0veJ

= Z iai(:(i))eﬂa(n -, 7)_16(d7,x)da(i)‘7(x)>d’7

Y€T0<y|<h(T1)

From the minimality of h(J;) and Lemma 2.1(i), it follows that

(3.8) 3 ai@)et (@D — 5, 9)Le(d, 2)d* " (2)d7 =0,
=0

117

for all z € H(A) and all vy € J\{0} with 0 < [y| < h(J1). Note that for any
v € J with a® —~ € J, we have dvde” -1 = e(d’*,da(')"Y)da(l) # 0, to give

d" # 0. Since d¥ # 0, from (3.8) and Lemma 3.1 we obtain

J a® i _ MO
3 @@ )t (@) 4, 9) " e(d, 2)d™ " (w) =

i=0
ie.,

3 a2 )et (@ — 7,) " (e d, 2)a) =0,
=0

for all z € H(A) and all v € J with with o —y € J. So

S a6 )t (@ = 5,71 =0

i=0

for all v € J with 0 < h(y) < h(J1). We have a,("‘ ) # 0 since a() < p -1

if char F =p > 0, for v € J with a® — 4 € J. Thus we see that de?

=0

for all v € J\{0} with af?) — v € J\{0}. As we noted also d*=7 £ 0, so this

contradicts the minimality of h(Jy). Therefore A[D] = @, ¢ 7, Ad®. |

LEMMA 3.5: Foralla € J,d* #0.

Proof: 1t is obvious that d* # 0 for « € J with |a| < 1. Suppose d* = 0 for
some « € J with |a| > 2. Choose @ such that |a| is minimal. Then for any

z € H(A), d*(z) = 0. Then by (1.4) and (2.10),

0=1[d"a]= Y (§)et(a—B8,8) 7 e(8.2)d* P (x)d?, Vzec H(A).
BeT
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Applying Lemma 3.4 and noting that (§)e*(a— B,8) "e(8,%) # 0 (by noting
that a; < p—1ifcharF = p > 0) for any 8 € J with a — 8 € J, we get
d*P(z)d® = 0,Yx € H(A),B € J. Noting that d’ # 0 for any 8 € J with
a—-v € J\{0} (since |a| is minimal), applying Lemma 3.1 gives d* ?(z) =
0,Vz € H(A), i.e., d# =0 for 3 € J with a ~ v € J\{0}, contradicting the
minimality of |a|. Therefore the assertion follows. ]

Proof of Theorem 3.2: It follows from Lemmas 3.1, 3.3, 3.4 and 3.5. |

Denote by W = [A[D], A[D]] the derived Lie color ideal of A[D]. In the rest of
this section we will investigate the structure of W.

LEMMA 3.6: Suppose dimp, D > 1 or D # D_. Then for any homogeneous
color-derivation 0 € D, we have A0 C W.

Proof:

CasE 1: 0€D;.
For any x,a € H(A), by Lemma 3.1(ii), a, z8%(a) € W, thus

(3.9) 2e(9,a)d(a)d = %([:c(??,a] _ 28%(a)) €W,

ie., A9(A)0 C W. But the space K = {r € A|zd € W} is I'-graded D-stable
since W is a Lie color ideal of A[D], and K contains the nonzero graded ideal
AQ(A) of A, by Lemma 3.1 in [P2], K = A, ie., A0 C W.

Case 2: deD._.
First assume that Dy # 0. Choose &' € H(D4+)\{0}; by Case 1, A0’ C W.
Thus for any z,y € H(A), we have [zd',yd] € W and

(3.10) [0, y0] = 20’ (y)0 — €(xd', y0)yd(z)d' = zd' (y)0 (mod W),

i.e., A9'(A)d C W, thus as in Case 1, A0 C W. Next assume that Dy = 0;
then by the assumption of the lemma, we can choose &’ € D_ such that 8,9’ are
Fi-linear independent. For z,y € H(A), we have [x0,yd] € W and

[0, y0) = 20’ (y)d — e(zd', y0)yd(x)d’
= 20'(y)d — e(x0',yd)e(d,y) " (O(yx)d’ ~ d(y)zd")
= 2(0'(y)0 + (29, yO)e(y, 9)e(0(y), 2)9(y)d") (mod W)
= 2(9'(y)0 + (9", y9)e(y, 0)0(y)d"),

(3.11)
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where the equality “=" follows from the fact that d(xy)d’ = [0,2yd'] € W
Denote d = 9'(y)d+¢(d', yd)e(y, 0)d(y)d’. Note that (3.11) shows that Ad € W.
By using 8% = 0 and applying ad d to (3.11), we obtain [8, xd] € W and

[0, zd] = d(x)d + (0, z)x[d, d] = €(3, )xd('(y))d (mod W).

This shows that A9(d'(A))d C W. But 89’ # 0 by Lemma 3.5; thus, as in Case
1, A0CW. |

For any i € Z, we define
(3.12) 5 € J suchthat 6 =4;;, VjeL

The following technical lemma plays a crucial role in describing the structure
of W.

LEMMA 3.7: Let 8 € J with supp(3) = {1,2,...,n} and let 87,85,...,0, €
Der®(A) be A-linear independent homogeneous derivations such that 5,; —d; =
5;. —d_j fori,j =1,2,...,n. Suppose there exist ai, ag, ..., a, € F\{0} such that

(3.13) 23 ae( @ 0)a()dP 0" e W, Va,be H(A);

i=1

then AdP—" c W fori=1,2,....n

Proof: By shifting the index, it suffices to prove Ad? -6  W. We shall employ
induction on n. If n = 1, (3.13) shows that A9,(A4)d®=*"™ c W, thus the result
follows from Lemma 3.1 in [P2]. Suppose n > 2. Replacing « by z9)(a), and
replacing z, b by y91(b), a in (3.13), we obtain respectively

Y ae(@ 0)3) (@) e W,
(3.14) =1

yZaedﬁ =5 a)e(8}(b), 8l(a))D(@)0, ()P~ € W.

Setting y = ze(d®=", a)~Le(dP~5"  b)e(9}(b), &, (a))~" and subtracting the two
expressions of (3.14), we obtain

(315) fZafd” 531 @8b) — wi(@)dia)3, )" e W,
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where

ui(a) =e(d®=*" ,a)~1e(d®~*", b)e(d}(b), ¥ (a)) -
(3.16) - (dP a)1e(dP0  b)e(D, (b), B(a))
=e(d®" %" a)e(d],0/0]) € F.

Fix a € H(A) such that 9}(a) # 0; then 9! = 3(a)d! — u;(a)d.(a)d] € Derp(A),
i=2,...,n are A-linear independent derivations satisfying the conditions of the
Lemma, thus by induction Ad® -5 e w. |

LeMMA 3.8 (Z2, Corollary 2.13): Suppose that A is a T-graded simple associa-
tive algebra of characteristic not 2, dimz(4y A > 4, and dimz4y A # 8. Then
[A4, Al/([4, A]N Z) is a simple e-Lie color algebra. B

Our second main result in this section is the following.

THEOREM 3.9: Suppose that F is of characteristic not 2, A is a I'-graded D-
simple (¢,T)-commutative associative F-algebra, where D C Der¢(A) is color
commutative and nonzero. Let W = [A[D], A[D]].
(i) If|J| = oo, then W = A[D].
(ii) Suppose |J| < oo. Let v € J be the maximal element of J (i.e., |v|
MJ)). Then W = @ ¢ 1\ (3 Ad® & D(A)d".
(iii) The Lie color algebra A[D] = W/Fy is simple except when A =
Fy(t]/(t2 — X), where A € F; homogeneous, D C F1% and both t and
2 have colors in T_ (note that if A # 0, then 2f = A).

1

Proof: If dimD =1 and D = D_, we see that |J| = 2. Clearly (ii) is true in
this case. Now suppose that D # D_ if dimp, D = 1. Then |J| > 2.

Consider any 3 € J with |3| > 2. Using inductive assumption, we may
suppose that Ad® C W for all @ € J(B) with |a| < |3] — 2. Assume that
supp(8) = {1,2,...,n}. Then for all z,b € H(A) we have [zd®,b] € W and

[xd? . b] =x[d®, a]

A7 i 1 . . i
(3:17) =2 Bie(d®" b)et (69, B — 69)~1d;(6)aP 0" (mod W).

i=1
By Lemma, 3.4, dy,ds,...,d, are A-linear independent derivations. By Lemma
3.7, AdPY Cc W for i = 1,2,...,n. This in particular proves (i), and that
Dacr\(yy Ad® C W if |J| < 0o. Next we assume that |J| < oo. Then |Z| =
m < oo and either char F = p > 0 (in this case v, = p—1or 1 fori € I) or
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D = D_ (in this case ; = 1 for ¢ € T). Then D(A)d” = [D, Ad"] ¢ W. Thus
W' = ®a€.’7\{7} Ad® & D(A)d” C W. To prove W C W', let a, 3 € J be such
that a+3—7 € J\{0}. It suffices to show the coefficient of d” in [zd*, yd®] to be
in D(A). By (2.7) and (2.10), the coefficient of d” in [ud?®, vd®] for u,v € H(A)
is

(3.18)

)e+(a +B =77 = B el v)et (1 - B, Bud* P (v)
8

87
1-B8
= e(ud®, vd®) ( )e*(a + 8- 77— o) te(d % u)et (v - a, a)vd* P (u)

=et(a+B-7,7- ) e(d P v)et(r - B, m((ﬁ )“d"”‘v(v)

B

- (7 f a)e(ﬂ, B+ a —7)d* TP (u)).

Noting that charF = p > 0 or ; = 1, from the condition ¢, 8,7 - a— 3 € J\{0}
we see that

wn () ()2,

Applying d; to «'v’ for any /v’ € H(A), we have
di(u)v = —e(u', dy)u'd;(v') € D(A)).

Using this and (3.19), one can easily deduce that the right-hand side of (3.18) is
in D(A). This proves (ii).

Now we prove (iii) by using Lemma 3.8. So we assume that dimp, A[D] < 4
or dimp, A[D] = 8, A is I'-graded D-simple.

Case 1: dimp, A[D] = 8.

From Theorem 3.2, we see that dimp, A = 2 or 4 and dimp, F;[D] = 4 or 2
respectively.

Consider dimp, A = 2 and dimg, F1[D] = 4. From the definition we see that
A[D] C End(A), ie., 8 = dimp, A[D] < dimp, End(A) = 4. a contradiction.
Thus this subcase does not occur.

Now suppose dimp, A = 4 and dimp, Fy[D] = 2 as operators on A. Then
dimp, 1D =1, and let F;D = F;8. If @ € Fy, we may assume that § = 0, and
in this case

(3.20) ?=ad+b and a=b=0.
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Applying (3.20) to 1 we deduce that b = 0. Applying (3.20) to zy for z,y € A,
we deduce that (x)d(y) =0 for z,y € A, i.e., 0{A)O(A) = 0. We can easily see
that A = AA = (A9(A))(A(A)) = 0, which is impossible. Thus d ¢ F;. Then

(3.21) 0?2=b, and 26=0ifb#£0.

Applying (3.21) to 1 we deduce that 82 = 0. Then d(A) = Fy, which implies
that dimg, ker(d) = 3, contrary to Fy = ker(d). Therefore this subcase does not
occur either.

CAsE 2: dimp, A[D] < 4.

From Theorem 3.2, we see that dimp, A = 2 and dimpg, Fi[D] = 2. Suppose
A=F, ® Fiz and D = F@. We can choose z such that z2 = X € F;. We divide
the discussion into two subcases.

SuBcAseE 1: el

Applying 9 to 22 = X, we deduce that £d(z) = 0. Then \d(z) = 2?8(x) = 0,
which implies A = 0 and d(z) = az for some o € F}. So Fiz is a D-ideal of A,
contrary to the D-simplicity of A. So this subcase does not occur.

SUBCASE 2: Z¢T,.

Then z ¢ Fy = {@la € Fi}, and we can choose 8 € AD such that (z) = z or
1. If d(z) = x and A = 0, then Fyx is a D-ideal of A, contrary to the D-simplicity
of A. Thus, if 8(x) = = we always have A # 0, and then replacing 8 by A~'zd,
we can always choose 9 such that d(z) = 1. Then we can easily verify that A is

D simple, but A[D] is not a simple Lie color algebra. These are the exceptions
in (iii). This has proved (iii). 1

Example 3.10: Let n > 2 and let z1,22,...,2, be n symbols which have
colors in I'_. Let A be the free e-commutative associative algebra generated
by x1,29,...,2,. Clearly A has dimension 2". Let D be the space spanned
by the derivations §; = 8/dz;,i = 1,2,...,n. Then we obtain a simple Lie
color algebra A[D] of dimension 22" — 2. In particular, if we take I' = Z/2Z,
€(i,7) = (=1)¥,i,j € Z/2Z, then A = A™(xy,x2,...,2,) is the exterior algebra

and we obtain the simple Hamiltonian Lie superalgebra A[D] = H(2n) (see §3.3
in [K]).
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