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ABSTRACT 

A class of graded simple associative algebras are constructed, and from 
them, simple Lie color algebras are obtained. The structure of these 
simple Lie color algebras is explicitly described. More precisely, for an 
(e, F)-color-commutative associative algebra A with an identity element 
over a field F of characteristic not 2, and for a color-commutative sub- 
algebra D of color-derivations of A, denote by A[D] the associative sub- 
algebra of End(A) generated by A (regarded as operators on A via left 
multiplication) and D. It is easily proved that, as an associative algebra, 

AID] is F-graded simple if and only if A is F-graded D-simple. Suppose 
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A is F-graded D-simple. Then, (a) A[D] is a free left A-module; (b) as 
a Lie color algebra, the subquotient [A[D], A[D]]/Z(A[D]) n [d[D], A[D]] 
is simple (except one minor case), where Z(A[D]) is the color center of 
A[D]. 

1. Introduct ion  

Lie color algebras are generalizations of Lie superalgebras. Let us start with 

the definition. Let F be a field, F an additive group. A s k e w - s y m m e t r i c  

b i c h a r a c t e r  of F is a map c: F × F --~ F* satisfying 

(1.1) e(A,p)=e(p,A) -1, e(A,p+~,)=e(A,#)e(A,v), V A , # , v E F .  

It is clear that c(A,0) = 1 for any A E F. Let L = @ ~ e r L ~  be a F-graded 

F-vector space. For a nonzero homogeneous element a E L, denote by fi the 

unique group element in F such that a E La. We shall call ~ the color  of a. The 

F-bilinear map [., .]: L × L --+ L is called a Lie color bracket on L if the following 

conditions are satisfied: 

(1.2) 
(1.3) 

[a, b] = -c(~,  b)[b, a], (skew symmetry) 

[a, [b, c]] = [[a, b], c] + c(~, b)[b, [a, c]], (Jacoby identity) 

for all homogeneous elements a, b, c E L. The algebra structure (L, [., .]) is called 

an (e, F)-Lie color  a l g e b r a  or simply a Lie  co lor  a lgebra .  If F = Z /2Z 

and c(i,j) = (-1)iJ,Vi,  j E Z/2Z,  then (¢,F)-Lie color algebras are simply 

Lie superMgebras. For Lie color algebras, we refer the reader to [P2] and the 

references there. This paper constructs a class of simple Lie color algebras, and 

explicitly describes the structure of these simple Lie color algebras. 

Let A = @~er  A~ be a F-graded associative F-algebra with an identity 

element 1, i.e., A~,At~ C A~+v for all A,p E F. So 1 E Ao. We say that  A 

is g r a d e d  s imple  if A does not have nontriviM F-graded ideals. Denote by 

H(A) all homogeneous elements of A. If we define the bilinear product [.,-] on 

A b y  

(1.4) Ix, y] = xy - e(2, ~)yx, Vx, y E H(A), 

then (A, [., .]) becomes a (e, r )-Lie color algebra. We shall simply write e(x, y) 

for e(~, ~) for x, y E H(A). 
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A Lie color  ideal  U of A is a P-graded vector space U of A such that  [A, U] C 

U. Sometimes it is called an (e, F)-Lie ideal, or simply a color ideal. The e -cen te r  

Z(A) of A is defined as 

(1.5) Z = Z(A) = {x C AI[x,A ] = 0}. 

It is easy to see that Z(A) is P-graded. We say that A is color-commutative 
(or e-color commutative) if [A, A] = 0. 

Passman [P1, P2] proved that, for a color-commutative associative algebra 

A with an identity element over a field F,  and for a color-commutative color- 

derivation subalgebra D of A, the Lie color algebra (including the Lie algebra 

case) AD = A ~ D is simple if and only if A is graded D-simple and AD acts 

faithfully on A, and char F ¢ 2 or dimE D _ 2 or D(A) = A. In [SZ1, SZ2, Z1], 

(associative and Lie) algebras of Weyl type were constructed and studied. In this 

paper we shall study the color version of these algebras. 

For a color-commutative associative algebra A with an identity element over a 

field F of characteristic not 2, and for a color-commutative subalgebra D of color- 

derivations of A, denote by A[D] the associative subalgebra of End(A) generated 

by A (regarding as operators on A via multiplication) and D. It  is easily proved 

that,  as an associative algebra, A[D] is graded simple if and only if A is graded 

D-simple (see Theorem 2.2). Suppose A is graded D-simple. Then, (a) A[D] is 

a free left A-module (Theorem 3.2); (b) as a Lie color algebra, the subquotient 

[d[D], A[D]]/Z(A[D]) N [d[D], A[D]] is simple (except one minor case), where 

Z(A[D]) is the e-center of A[D]. The structure of this subquotient is explicitly 

described (see Theorem 3.9). In many cases A[D] = [A[D], A[D]]. 

2. G r a d e d  s imple  assoc ia t ive  a lgebras  o f  W e y l  type 

Throughout this work, we assume that A is F-graded and (e, F)-eolor commu- 

tative and the field F is of characteristic not 2. An F-linear transformation 

0: A -+ A is called a h o m o g e n e o u s  c o l o r - d e r i v a t i o n  of degree 0 C F if 

O(a) C A~+a, Va E H(A) and 
(2.1) 

O(ab) = O(a)b + e(cg, a)aO(b), Va, b E H(A),  

where we simply denote e(/~, 5) by e(0, a). 

Taking a = b = 1 in (2.1), we obtain 0(1) = 0 and so O(c) = 0 for all c E F.  

Denote Der¢(A) = ( ~ e r  Der~(A), where Der~ (A) is the F-vector space spanned 

by all homogeneous color derivations of degree A E F. As in the Lie algebras 
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case, it is easy to verify that Der*(A) becomes an (e, F)-Lie color algebra under 

the Lie color bracket 

(2.2) [0,0'] = 0 0 ' -  e(O,O')O'O, V0,0' E S(Oer~(A)), 

where 00' is the composition of the operators 0 and 0 '. 

Let D -- (~)~er D~ be a nonzero F-graded color-commutative Lie color subal- 

gebra of Der~(A), i.e., 

(2.3) 00' = e(0,0')0'0, Y0,0' 6 H(D). 

We call A g r a ded  D-s imple  if A has no nontrivial graded D-stable ideals (see 

[P2]). Set F+ = {A 6 FIe(A, A) = 1}. Then by (1.1), F+ is a subgroup of F with 

index <_ 2. Set F_ = {A 6 FIe(A, A) = -1}.  For any graded subspace B of A, 

we define B+ = (~)~er+ B~; then B+ is F-graded. Similarly we can define B_. 

Since F = F+ U F_, it follows that B = B+ ® B_. By (2.3), we have 02 = 0 if 

0 6 H(D_). 
Fix a homogeneous basis {Oili 6 I} of D, where I is some index set. Fix a 

total ordering < on I. Define J to be the set of all c~ = (~ili 6 I )  E Z / such 
that c~i = 0 for all but a finite number of i E I and c~i = 0 or 1 if 0i 6 F_. For 

c~ 6 J,  we define the s u p p o r t  of ~ by supp(c~) = {i 6 IIo~i ~£ 0} and define the 

level of c~ by l(ct) = I~1 = ~ i e l  c~i. Define a total ordering on g by 

(2.4) c~ </3 ¢=~ [c~ I < 1/31, or Ic~l = 1/31 and 3i 6 I such that  

cq </3i and c~j =/3j, Vj 6 I,  j < i. 

Denote by F[D] the F-graded associative color-commutative algebra generated 

by D, and denote by A[D] the associative subalgebra of End(A) generated by A 

(regarded as operators on A via left multiplication) and D. For x 6 A, ~ 6 J ,  we 

define by xO a the operator acting on A, i.e., 

(2.5) (xO~)(y)=x(O~'(O~'2.. .(O[~'(y)). . .)) ,  V y e m ,  

where 0 ~ = O~'aO~ '2 . . .0~ ~ with ia < i2 < . . - <  it. We shall call c~ the degree  

of 0 ~. Define e+(c~,/3) for c~,/3 6 J by 0~0/~ = e+(c~,/3)0~+~; then 

(2.6) c+(a'/3) = H e(0i '0 j )~ '~ '  Ca, t3 6 g. 
i,jEl:i>j 

We shall also simply write e+(x,y) for e+(Y',~) for x,y 6 H(A[D]). From 

e+(c~,/3)0 ~+z = 0~0 ~ = e((~,/3)0~0 ~ = e(c~,/3)e+ (/3, c~)0 °+~, we see that  

(2.7) e((~,/3) =e+(~,/3)e+(/3, c~) -1, Yc~,/3 6 J, 
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If c~ +/~ ¢ J ,  we set 0 ~+fl = 0. For any (~ E J ,  set 

(2.8) J(c~) = {~ E JI~i -< c~, Vi E I}.  

Denote  (~) -- H i e ,  (~,), Va, "y E J .  Then  (~) = 0 if "~ • J (~ ) .  We have 

= Z - % 
(2.9) ~eJ \~[] 

V~ E J, x ,y  E H(A). 

One may easily check tha t  

(UO°').(VOfl)-~. ~-:~ (~){[T(O~ -- ~, ~)-Ic(0)~,V){[-{-(~,/~)U0°~-'k(?')0 flT)~, 
(2.10) ~ j -  - 

Vu, v E H ( A ) , a ,  fl E J. 

Clearly, formula (2.10) defines a F-graded associative algebra (A[D], .) such tha t  

A is a left A[D]-module via (2.5). For any 

(2.11) x =  ~ u,O" E A[D], u,  E A, 
c~EJ 

the expression in (2.11) is sometimes not unique. An expression of x in (2.11) 

is called p r i n c i p a l ,  if the integer max{l~l] u~ ¢ 0} is minimal.  We denote  this 

integer by h(x). Set 

(2.12) F1 = A D = {u E AID(u ) = 0}. 

From Lemma 2.1 in [P2], any nonzero a E H(F1) is invertible (i.e., F1 is a graded 

field) when A is F - g r a d e d  D - s i m p l e .  In this case (F1) -  = 0. 

LEMMA 2.1: (i) AMA[D]D = O. 
(ii) The e-center Z(A[D]) of A[D] is F1. 

Proo[: Note tha t  we have assumed tha t  A is F-graded (e, F)-commutat ive .  Par t  

(i) follows from the action of x E A M A[D]D on 1. 

(ii) For a l l u  E H(F1) and( f  E g(D),  we have [6, u] = 5(u) = 0. So F1 C 

Z(A[D]). Suppose x E H(Z(A[D])). If h(x) > 0, write x = x0 + x l  where 

xo E H(A) and x~ E H(A[D]D). Then  x~ ¢ 0. Choose a E H(A) such tha t  

xl(a) ~ O. It follows tha t  0 = [x,a] = [xl,a] = xl(a) + y, where y E A[D]D. 
From (i) we deduce tha t  x i (a )  = y = 0, a contradict ion.  So h(x) = 0, i.e., x E A. 

We have 

xO = e(2, O)Ox = e(2, O)O(x) + xO, YO E H(D), 
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to give O(x) = 0 for all 0 E H(D), i.e., x E F1. Therefore Lemma 2.1 follows. 

I 

THEOREM 2.2: Suppose that A is a F-graded (e, F)-commutative F-algebra with 
an identity, and D C Der~(A) is a color commutative subspace. Then the F- 
graded associative algebra A[D] is graded simple if and only if A is F-graded 

D-simple. 

Proof: " ~ " :  Suppose A is not graded D-simple. Choose a nonzero proper 

graded D-stable ideal/C. Then clearly ]C[D] is a nonzero graded color ideal of 

AID]. Since A[D] is graded simple, then/C[D] = AID], in particular, A C/C[D]. 

From Lemma 2.1 (i), we know that  A c ]C, a contradiction. Thus A is graded 

D-simple. 

" ~ " :  Suppose L is a nonzero graded ideal of A[D]. It  suffices to show that  

L = AID]. 
Suppose that  L n A = O. Choose x E H(L)\{O} such that  h(x) is minimal. 

So h(x) > 0. Write x = x0 + xl where x0 E H(A) and xl E H(A[D]D). Then 

Xl ¢ 0. Choose a E H(A) such that  xl(a) ~ O. I t  follows that  

x' = [x,a] = [ x l , a  ] ---~ x l ( a  ) -[- y E L, 

where y E H(A[D]D). From (1.4) and the computation (2.10), we deduce that  

h(x') = h(y) < h(x). By the minimality of h(x) we deduce that  x'  = 0. Applying 

Lemma 2.2 (i) gives xl(a) = y = 0, a contradiction. Thus L M A ¢ 0. I t  is clear 

that  L N A is a graded D-ideal of A. Since A is graded D-simple, L C) A = A. In 

particular 1 E L. Therefore L --- A[D]. I 

3. S i m p l e  Lie color a l g e b r a s  of  W e y l  t y p e  

In this section we assume that  A is a F-graded D-simple and (c, F)-commutative 

associative algebra with an identity, the field F is of characteristic not 2, and 

D c Deft(A) is color commutative. In this section we shall first study the 

structure of AID] as a left A-module, then investigate the Lie structure of AID]. 
We still use the notation in Section 2. 

LEMMA 3.1: (i) If  xO ~ = 0 for some x E H(A)\{0} and some a E J, then 

0 ~ = 0. 

(ii) A C [AID], AID]]. 
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Proof." (i) Let C = {z E AixO a = 0}. It is easy to verify tha t  C is a nonzero 

F-graded D-ideal of A. Since A is F-graded D-simple, then C = A. I t  yields tha t  

0 ~ = 0. 

(ii) From [xO, y] = xO(y) E [A[D], A[D]] for all x, y • H(A) and 0 • H(D), we 

obtain tha t  AD(A) C lAID], AID]]. Since dO(A)  is a nonzero F-graded D-ideal 

of d and d is F-graded D-simple, d = AD(A). Thus d C [A[D], A[D]]. I 

If  c h a r F  = p > 0, observe tha t  for any 0 E Deft (A),  one has 0 p E Deft(A).  

For convenience, no mat te r  whether char F = p > 0 or char F = 0, we denote 

(3.1) l)  = Deft (A) fl FI[D], 

where FI[D] is the subalgebra of End(A)  generated by F1 and D. Let {dili • Z} 

be a homogeneous Fl-basis  for :D, where Z is some index set. I t  is clear tha t  

D C :D, and tha t  A is graded D-simple if and only if A is graded :D-simple. Let 

ff  = { a  = (ai]i E Z) I a~ • Z+, and a~ _ < p -  1 if c h a r F  = p  > 0, 

(3.2) and ai = 0 or 1 if di E F_ ,  

and ai = 0 for all but  a finite nmnber  of i E Z}. 

We will often simply denote a = (ail i  E Z) by a = (ai). We also fix a total  

ordering < on 5[ and define a total  ordering on `7 as in (2.7). We also write 

d~ = I-[iEI da~ according to the ordering < on Z for a E `7. Then  

(3.3) A[D] = E Ad% 
deft 

THEOREM 3.2: Suppose that the field F is of characteristic not 2, A is a F-graded 

D-simple and (¢, F)-commutative associative F-algebra with an identity, where 

D C Der~(A) is a color commutative subspace. Then AID] is a free A-module 

with the homogeneous basis {d aI a E if}. 

We break the proof  of this theorem into several Lemmas.  For `7o C `7, B C A, 

we say that  the sum ~ a E J o  Bd~ is d i r e c t  if a finite sum ~ae:7o  bad~ = 0 with 

ba E B implies bad a = 0 for all a E `70. 

LEMMA 3.3: Let `70 C ,7. The sum ~ e J o  Ad~ is direct if and only if the sum 

~ C f f o  Fld~ is direct. 

Proof'. " ~ " :  This direction is clear. 

" ~ "  : Suppose ~ f f o  Ad~ is not  direct. There exists `71 = {a  (°), a(1), • • -, a (~) } 

C `70 with [fll[ > 1 such that  Ada(°) N EiL1 Ad~(~) ~ O. Choose such a minimal 
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r. Let 

(3.4) 

Y. SU, K. ZHAO AND L. ZHU Isr.  J .  M a t h ,  

ud (~(°) = uid '~") • Ad '~(°) n Ad c~(') \{0}, 
i = 1  i = l  

for some u, ui • H(A), and let I1 = {0, 1 , . . . ,  r}. It follows that  d ~(') # 0 for any 

i • I1. Let 

X S'} 
~ex,\{o} 

Then it is easy to see that Bo is a nonzero F-graded D-ideal of A. Since A is 

F-graded D-simple, then B0 = A. Then 

(3.5) da(°) = E aid~(') for some a~ • A. 
iet~\(0} 

By taking bracket with 0 • H(:D), we deduce that 

ieIl\{o} ierl\(o} 

From the minimMity of r, we must have 

(3.6) O(ai)d ~(° =0, rOe:D, l < i < r. 

Suppose D(ai) ¢ 0 for some i E I1, say D(at) # O. Lemma 3.1 yields that 

d ~°) = 0, a contradiction. Thus D(ai) = 0 for all i E /1, i.e., ai E F1 in (3.5). 

Therefore the sum ~ e J ~  Flda is not direct. This proves the lemma. | 

LEMMA 3.4: A[D] = (~e:r  Ad% 

Proof." Suppose the sum in (3.3) is not direct. From Lemmas 2.1 (i) and 3.3, 

there exists J1 = {c~ (°), c~(t),.. • , c~(r)} C J \ { 0 }  such that Fld ~(°) N~i"__l Fld  ~(') 

¢ 0. Let I1 = {0, 1 , . . .  , r},  and let h(fll) = max{la(0]li • I1}. Then h(J1) > 1. 

We choose J1 such that h(J1) is minimal, and then r is minimal. Let 

(3.7) -d~(°' = ~ aid~(° E (Fld~(°' N ~ Fld~(° )\{O}, 
i = 1  i = 1  

for some ai • H(FI) ,  1 < i < r. Denote ao = 1. It follows that ai d'~(') # 0 for i • 

I1. Rewrite (3.7) to give ~ i L o  a~ d"(') = 0. Then for x • H(A), ~ Z o  a~ d~'('' (x) = 
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0. By (2.10), 

0 -= aid a(° , x 
" i=O 

-- Z 
-~EJ ,0< l - f l<h(&)  

S I M P L E  LIE C O L O R  A L G E B R A S  O F  W E Y L  T Y P E  

= _ 

i-=0 y E J  

(" ) 
i.---0 
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From the minimali ty of h(J1)  and Lemma 2.10), it follows tha t  

(3.8) ~-~ ai(~(°)c+(o~ (i) - "7,7)-le(d'~,x)d'~(°-'~(x)d'~ -=- O, 
i=0  

for all x E H ( A )  and all '7 E J \ { 0 }  with 0 < 1'7] < h(`71). Note tha t  for any 

'7 E J with ~(0 _ '7 E ,7, we have d'~d '~(°-'y = e(d ~, dC~(1)-'~)dC~(° ~ O, to give 

d ~ ¢ 0. Since d r ¢ 0, from (3.8) and Lemma 3.1 we obtain 

r 

ai('~ (°)e+ (a(i) - "7, "7)-le(d'Y, x)d"(')- '~ (x) = 0, 
i---=0 

i.e., 

Z ai((~ (°)e+(a(i)  - "7, "7)-ld'~(')-'~(e(d'~' x ) x )  = O, 
i=0 

for all x E H ( A )  and all '7 E J with with a (0 - '7 E J .  So 

r 

~ , ~  i~ ~ - % " / ) - l d a ( ° - ' ~  = 0 
i=0  

for all 7 E ,,7 with 0 < h(~) < h(,71). We have ai(~ (')) ¢ 0 since a~i) _< P _  1 

if char F = p > 0, for "~ E ,7 with a (i) - '7 E ,7. Thus  we see tha t  d ~(°-~ = 0 

for all '7 E ,7\{0} with a (0  _ '7 E ,7\{0}.  As we noted also d " ( ° - ~  ¢ 0, so this 

contradicts  the minimali ty of h(J~).  Therefore A[D] = (~.C3o Ada" | 

LEMMA 3.5: For  all a E J ,  d ~ ~ O. 

Proof: It is obvious tha t  d a ¢ 0  f o r a  E , T w i t h  ]a] _< 1. Suppose d ~ = 0  for 

some a E ,7 with Ic~] > 2. Choose a such tha t  Ic~l is minimal.  Then  for any 

x E H ( A ) ,  d~(x)  = 0. Then  by (1.4) and (2.10), 

0 = Ida, x] = ~-~(~)~+(a  - /~ , /~ ) - l e ( /3 ,2 )da -~(x )dB,  Vx • H ( A ) .  
~ E J  
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Applying Lemma 3.4 and noting that ( ~ ) e + ( a - / 3 ,  fl)--1£(/3, ~:) # 0 (by noting 

that  ai _< p - 1  if c h a r F  = p  > 0) for any /3 E .7 w i t h a - / 3  E .7, we get 

dO-Z(x)d ~ = 0,Vx E H(A), /3 E .7. Noting that d/3 ¢ 0 for any t3 E .7 with 

a - 7 e .7\{0} (since lal is minimal), applying Lemma 3.1 gives d'~-~(x) = 

O, Vx C H(A) ,  i.e., d ~-~ = 0 for/3 C .7 with a - 7 E .7\{0}, contradicting the 

minimality of ]a I. Therefore the assertion follows. I 

Proof of Theorem 3.2: It follows from Lemmas 3.1, 3.3, 3.4 and 3.5. I 

Denote by W = [A[D], A[D]] the derived Lie color ideal of A[D]. In the rest of 

this section we will investigate the structure of W. 

LEMMA 3.6: Suppose dimF1 T~ > 1 or 7) ¢ :D_. Then for any homogeneous 

color-derivation 0 E I), we have AO C W.  

Proof: 

CASE 1: 0 E / )+ .  

For any x, a C H(A) ,  by Lemma 3.1(ii), a, xO2(a) E W,  thus 

(3.9) xe(O,a)O(a)O = ~([xO2,a] - xO2(a)) e W, 

i.e., AO(A)O C W.  But the space K = {x C A]xO E W }  is F-graded D-stable 

since W is a Lie color ideal of AID], and K contains the nonzero graded ideal 

AO(A) of A, by Lemma 3.1 in [P2], K = A, i.e., AO C W.  

CASE 2: 0 C :D_. 

First assume that 7)+ ~ 0. Choose 0 p E H(:D+)\{0}; by Case i, AO' C W. 

Thus for any x, y C H(A), we have [xO', yO] E W and 

(3.10) [xO', yO] = xO'(y)O - c(xO', yO)yO(x)O' - xO'(y)O (mod W), 

i.e., AO~(A)O c W,  thus as in Case 1, AO C W.  Next assume that /)+ = 0; 

then by the assumption of the lemma, we can choose 0 ~ E :D_ such that 0, O ~ are 

Fl-linear independent. For x, y C H(A) ,  we have [xO', yO] E W and 

[xO', yO] = xO' (y)O - e(xO', yO)yO(x)O' 

= xO'(y)O - e(xO', yO)e(O, y)- l(O(yx)O'  - O(y)xO') 
(3.11) 

-- x(O'(y)O + ~(xO', yO)e(y, ¢O)e(O(y), x)O(y)O') (mod W) 

= x ( o ' ( y ) o  + yo)e(y, o)o(y)o'), 
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where the equality "=" follows from the fact that O(xy)O' = [0, xyO'] C W .  

Denote d = O'(y)O+e(O', yO)e(y, O)O(y)O'. Note that (3.11) shows that  Ad • W.  

By using/)2 = 0 and applying a d o  to (3.11), we obtain [& xd] • W and 

[0, xd] = O(x)d + e(O, x)x[O, d] ==_ ¢(0, J:)xO(O'(y))O (mod W). 

This shows that AO(O~(A))O C W.  But 00 ~ ~ 0 by Lemma 3.5; thus, as in Case 

1, A O c W .  | 

For any i • Z, we define 

(3.12) 5(~) • ,7 such that 5J i) = hi,j, Vj • Z. 

The following technical lemma plays a crucial role in describing the structure 

of W. 

LEMMA 3.7: Let /3 • ,7 with supp(/3) = {1, 2, . . . .  n} and let 01, ! 02"t . . . .  , On! • 

Deft (A) be A-linear independent homogeneous derivations such that 0~ - d i =  

~. - dj for i, j = 1, 2 . . . . .  n. Suppose there exist al ,  a 2 , . . . ,  an • F\{O} such that 

n 

(3.13) x E aie(dZ-5(~)' b)O~(b)dZ-5(~) • W, Vx, b • H(A); 
i=1 

then Ad ~-~(~) C W for i = 1, 2 . . . .  , n. 

Proo~ By shifting the index, it suffices to prove Ad ~-~¢~) C W .  We shall employ 

induction on n. If n = 1, (3.13) shows that AO~I(A)d ~-~(~) C W ,  thus the result 

follows from Lemma 3.1 in [P2]. Suppose n _ 2. Replacing x by xO~(a), and 

replacing x, b by yOgi(b), a in (3.13), we obtain respectively 

(3.14) 

.-/3 6(i) 
x aie(d - , b)O~(a)O~(b)d z-5(~) • W, 

n 

I • t . I / 3 - -5  (~) yEaie(dZ-5(') ,a)e(O~(b),O~(a))O~(a)Ol(b)d • W. 
i = l  

Setting y = xc(d z-~(1) , a) - l e (d  ~-~(~) , b)e(O~ (b), O~ (a)) -1 and subtracting the two 

expressions of (3.14), we obtain 

n 

(3.15) x E ai¢(d~-a(~), b)(O~(a)O~(b) - ui(a)O{(a)O~(b))d ~-5(~) ¢ W, 
i = 2  
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where 

(3.16) 

ui(a) =e(d  ~-6(t) , a)-te(dB-6('),  b)e(O~(b), 01(a)) -1. 

• e(d ~-~(~) , a)-ie(d~-~('),  b)e(O i (b), O~(a)) 

=e(d a(~)-~`'), a )e( O~ , 0~0~ ) e F. 

Fix a e H(A)  such tha t  01(a ) ~ 0; then 0~' = O~(a)O~i - ui(a)O~(a)O i e Der~(A) ,  

i = 2 . . . . .  n are A-linear independent  derivations satisfying the conditions of the 

Lemma,  thus by induction Ad ~-~(") C W.  1 

LEMMA 3.8 (Z2, Corollary 2.13): Suppose that A is a F-graded simple associa- 

tive algebra of  characteristic not 2, dimz(A) A > 4, and dimz(A) A ¢ 8. Then 

[A, All([A, A] N Z) is a simple e-Lie color algebra. | 

Our  second main result in this section is the following. 

THEOREM 3.9: Suppose that F is of characteristic not 2, A is a F-graded D- 

simple (e, F)-commutative associative F-algebra, where D C DerC(A) is color 

commutative and nonzero. Let W = lAID], A[D]]. 

( i )  I f  1`7[ = then W = A [ D ] .  

(ii) Suppose 1`71 < oc. Let  7 E ,7 be the m a x i m a / e l e m e n t  of `7 (i.e., [7] = 

h(`7)). Then W = (~)-~s\{~} Ad" ~) / ) (A)d% 

(iii) The Lie color algebra AID] = W/F1 is simple except when A = 
F~[t]/(t 2 - A), where A E F1 homogeneous, D C_ F1 d and both t and 

d have colors in F_ (note that if A ~ O, then 2t = A). 
dt 

Proof: If d i m / )  -- 1 and l )  = / ) _ ,  we see tha t  1`7[ = 2. Clearly (ii) is t rue in 

this case. Now suppose tha t  7) ~ 7)_ if dimE1 l)  = 1. Then  13"[ > 2. 

Consider any /3 E ,7 with It3[ >_ 2. Using inductive assumption,  we may 

suppose tha t  Ad ~ C W for all a E `7(3) with Ic~l _< 1/31 - 2. Assume tha t  

supp03 ) -- {1,2 . . . .  ,n}.  Then  for all x,b E H(A)  we have [xd~,b] E W and 

[xdZ,b] =x[d~,a] 

(3.17) n ~--X E ]~ie(dl3-5(1)' b)e+(6(i)'/3 - 6(i))-l di(b)d ~-~(') (mod W).  
i----1 

By Lemma 3.4, dl, d2 . . . .  , dn are A-linear independent  derivations. By Lemma 

3.7, Ad z-~(1) c W for i -- 1 , 2 , . . . , n .  This in par t icular  proves (i), and tha t  

(~)a~J\{~} Ad~ C W if 1`71 < oc. Next  we assume tha t  [`7I < oc. Then  IZI = 

m < c~ and either c h a r F  = p > 0 (in this case ~/i = P -  1 or 1 for i E Z) or 
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:D = :D_ (in this case 7~ = 1 for i E 2;). Then :D(A)d "~ = [1), Ad "y] C W.  Thus 

W' = ( ~ : z \ { ~ }  Ad'~ ¢2 :D(A)d "y C W.  To prove W C W ~, let a,/3 E f l  be such 

that  ct + / 3 -  -y E ,7\{0}. It  suffices to show the coefficient of d v in [xd '~, yd ~] to be 

in D(A).  By (2.7) and (2.10), the coefficient of d r in [ud a, vd/3] for u, v • H(A)  
is 

(3.18) 

(° ).+(o + 

=~+(~ +/3 - 7, 7 -/~)-l~(d~-~, v)~+(7 -/3,/3)( 7 - /~ 

Noting that  charF = p > 0 or 2i = 1, from the condition c~, ~, ~ - ~ - / 3  • J \ {O}  

we see that  

Oz Ol 

Applying di to u'v' for any u%' • H(A),  we have 

di(u ' )v '= -e(u ' ,  dl)u'di(v') E D(A)). 

Using this and (3.19), one can easily deduce that  the right-hand side of (3.18) is 

in D(A).  This proves (ii). 

Now we prove (iii) by using Lemma 3.8. So we assume that  dimFl AID] < 4 
or dimF1 AID] = 8, A is F-graded D-simple. 

CASE 1: dimFt AID] = 8. 
From Theorem 3.2, we see that  dimF1 A = 2 or 4 and dimF1 FI[D] = 4 or 2 

respectively. 

Consider dimvl A = 2 and dimFl FI[D] = 4. From the definition we see that  

AID] C End(A), i.e., 8 = dimF1 AID] <_ dimF~ End(A) = 4. a contradiction. 

Thus this subcase does not occur. 

Now suppose dimF1 A = 4 and dimE1 FI[D] = 2 as operators on A. Then 

dimF~ F1D = 1, and let FI D = FI 0. If 0 E F1, we may assume that  0 = 0, and 

in this case 

(3.20) 0 2 = a 0 + b  and ~ = b = 0 .  
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Applying (3.20) to ] we deduce that  b = 0. Applying (3.20) to xy for x, y E A, 

we deduce that  O(x)O(y) = 0 for x, y E A, i.e., O(A)O(A) = 0. We can easily see 

that  A = A A  = (AO(A))(AO(A)) = 0, which is impossible. Thus (9 ~ F1. Then 

(3.21) 0 2 = b ,  and 2 b = 0 i f b ~ 0 .  

Applying (3.21) to 1 we deduce that  02 = 0. Then O(A) = F1, which implies 

that  dimF, ker(0) = 3, contrary to F1 = ker(0). Therefore this subcase does not 

occur either. 

CASE 2: dimF~ A[D] <_ 4. 

From Theorem 3.2, we see that  dimF, A = 2 and dimF~ FI[D] = 2. Suppose 

A = F1 • F ix  and D = F0.  We can choose x such that  x 2 = A E/ '1 .  We divide 

the discussion into two subcases. 

SUBCASE 1: • E F+. 
Applying 0 to x 2 -- A, we deduce that  xO(x) = 0. Then A0(x) = x20(x) -= O, 

which implies A = 0 and O(x) = ax for some a E F~'. So Fix  is a D-ideal of A, 

contrary to the D-simplicity of A. So this subcase does not occur. 

SUBCASE 2: 2 ~ F+. 

Then 2 ¢ PI = {ala C FI}, and we can choose 0 E AD such that O(x) = x or 

1. If  O(x) = x and A = 0, then Fix  is a D-ideal of A, contrary to the D-simplicity 

of A. Thus, if O(x) = x we always have A ¢ 0, and then replacing 0 by A-lxO, 

we can always choose 0 such that  O(x) = 1. Then we can easily verify that  A is 

D simple, but AID] is not a simple Lie color algebra. These are the exceptions 

in (iii). This has proved (iii). | 

Example 3.10: Let n :> 2 and let Xl ,X2 , . . . ,Xn  be n symbols which have 

colors in F_. Let A be the free e-commutative associative algebra generated 

by x l , x 2 , . . . , x n .  Clearly A has dimension 2 n. Let D be the space spanned 

by the derivations Oi = O/Ox~, i = 1, 2 , . . . ,  n. Then we obtain a simple Lie 

color algebra AID] of dimension 22" - 2. In particular, if we take F = Z /2Z,  

e(i, j )  = ( -1 )  i j,  i, j E Z/2Z,  then A = A n(xl,  X2 . . . . .  Xn) is the exterior algebra 

and we obtain the simple Hamiltonian Lie superalgebra A[D] = H(2n)  (see §3.3 

in [K]). 
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